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Abstract
We study spin−1 Blume-Capel (BC) model in two-dimensions in terms of the Wang-Landau (WL) algorithm,
which is one of typical entropic sampling methods with lots of applications in statistical physics and biophysics. The
WL algorithm lets us estimate the joint density of states as a function of energy and the order parameter in the BC
model.
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1. Introduction
Monte Carlo simulations currently play a major role in statistical physics to study of phase transitions and critical
phenomena. In order to reduce computing time and to obtain the accurate results, a number of simulation algorithms
have been exploited.
Figure 1: Schematic plot of phase diagram of spin−1 BC model as a function of crystal ﬁeld G and temperature T .
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Figure 2: Equilibrium conﬁgurations of spin−1 BC model, where the path from (A) to (C) shows ﬁrst-order phase transition and the path from (A)
to (F) shows the second-order phase transition.
The Wang-Landau (WL) algorithm is widely used with equilibrium systems due to obtaining accurate results,
reducing computing time, and easy parallelization [1, 2, 3, 5, 6, 7]. Using WL algorithm, it is possible to calculate the
density of states for a system. Blume-Capel (BC) model is designed to study the ﬁrst-order phase transition in spin
systems [8, 9, 10, 11, 12]. The Hamiltonian of the spin−1 BC model is given by
H= − J
∑
〈i, j〉
S iS j +G
∑
i
S i2 + h
∑
i
S i, (1)
where the ﬁrst sum runs over all nearest-neighbor pairs with the ferromagnetic coupling constant J= +1 and the second
and the third sums are carried out all sites in two dimensional (2d) square lattice. In (1), G is anisotropy parameter
and h is external magnetic ﬁeld. The spin variable S i assume values −S ,−S + 1, ..., S − 1, S .
In this paper, we set the spin value S = 1 and h = 0. So, spin values are −1, 0, and 1. To check the properties
of spin−1 BC model, we perform the Monte Carlo simulation with Metropolis rate min
(
e−βΔH , 1
)
, where β is inverse
temperature and ΔH is energy diﬀerence between the initial energyHi and the trial ﬁnal energyH f . Figure 1 shows
the schematic plot of phase diagram of spin−1 BC model which exhibits a line of continuous phase transition, a line
of ﬁrst-order phase transition, and the tricritical point where two lines meet ( see Figure 2 ).
2. Wang-Landau Algorithm
Using the WL algorithm, the 3d random walks are performed in
(
E,M,M2
)
space by randomly changing the
states of spins A
(
E,M,M2
)
, where the order parameter M is
∑
i S i and the square of order parameter M2 is
∑
i S i2,
but the state A
(
E,M,M2
)
associated with each spin conﬁguration is only accepted with a probability proportional
to the reciprocal of the joint density of states g (A) [13, 14, 15, 16]. Therefore, the transition probability from state
A
(
E,M,M2
)
to A′
(
E′,M′,M′2
)
is
p
(
A→ A′) = min
(
g(A)
g(A′)
, 1
)
, (2)
which indicates that if g (A′) ≤ g (A), a state with spin conﬁguration A′ is always accepted, and that if g (A′) >
g (A), it is accepted with a probability g (A) /g (A′).
During the simulation, we also accumulate the histogram H
(
E,M,M2
)
, and the density of states g (A) is modiﬁed
in a systematic way using modiﬁcation factor f . If a trial state A′ is accepted, we update: H (A′) → H(A′) + 1 and
g(A′)→ g(A′)× f . If the trial state is rejected, we also modify g(A) and H(A): H(A)→ H(A)+1 and g(A)→ g(A)× f .
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(a) (b)
Figure 3: Joint density (a) and histogram (b) of 8 × 8 spin−1 BC model obtained by WL algorithm.
(a) (b)
Figure 4: Average of the order parameter, 〈m〉, (a) and average of absolute value of the order parameter, |m|, as a function of crystal ﬁeld G and
temperature T .
When we begin the simulation, g(A) is unknown. Hence, the simplest approach is to set g(A) = 1 for all possible
energies E.
The optimal choice of the initial modiﬁcation factor is f0 = e1  2.71828 . . ., which allows us to expeditiously
reach all possible energy levels even with an immense system. At the end of the simulation, f should be close to 1
which is an ideal case of the random walk with true density of states. If f0 is too small, the simulation will require
extensive time to reach all possible energies. However, a wide choice of f0 will lead to sizeable statistical errors. We
proceed with random walk until we obtain a ﬂat histogram H (A). We check whether the histogram is ﬂat every 102
Monte Carlo sweeps. If the histogram is ﬂat, we reduce the modiﬁcation factor like fi+1 = f
1/2
i and reset all H (A) to
0.
We discontinue the simulation when the modiﬁcation factor is smaller than the predeﬁned value: f f inal = exp(10−8).
It is impossible to obtain a perfectly ﬂat histogram. Hence, a ﬂat histogram in WL algorithm indicates that H (A) for
all possible A is not less than x of average histogram 〈H (A)〉, where x is chosen according to the size and complexity
of the system along with the desired accuracy of the density of states. In this simulation, we check the ﬂatness of his-
tograms with x = 0.90. This simulation method can be enhanced by performing multiple random walks for a diﬀerent
replica parallel fashion. Each node parallelly performs the simulation and estimates the density of states g¯ (A) for an
assigned replica. For joining g¯ (A)s each step using Open MP with the atomic and the critical directives.
How does we know that the parallel WL algorithm works? g (E,M) instead of g (A) is shown by Figure 3(a)
because we can not draw g (A) as a function of E, M, and M2 in 3d space. We check the result of ﬂatness histogram
in Figure 3(b). We could compute all thermodynamic quantities by using the density of state. Figure 4 shows the
average of the order parameter, 〈m〉 (a) and average of absolute value of the order parameter, |m| (b), as a function of
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crystal ﬁeld G and temperature T .
3. Conclusions
In brief, Computing time by the parallelized replicas using Open MP is not reduced as much as we expected
because, for 3d random walk of spin−1 BC model, all possible conﬁguration states are huge to ﬁt in the computer’s
memory. As a result, we may need to use diﬀerent data structures for these simulations. However, Open MP version
2.5 causes the data race during simulations, because it does not support well various data structures.
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